For an arbitrary unital module M over a commutative ring R, the notion of fuzzy ϕ -prime submodules will be defined. Some properties of this notion will be studied. It will be shown that the fuzzy ϕ -primeness of a fuzzy submodule µ of M together with other mild assumptions on µ gives µ as a fuzzy prime. The behavior of this concept in the product modules and fuzzy quotient modules will be studied. Also, several results concerning the fuzzy primeness of fuzzy localization submodules will be investigated.
Introduction
Throughout, R is a commutative ring with identity and M is a unital R-module. There is a considerable amount of work on the fuzzy prime ideals and fuzzy prime submodules in the literature. Recently some new generalizations of the prime ideals and prime submodules, so called, the primeness with respect to a function ϕ have been studied (see [1, 2, 6] ). Based on the author's knowledge there isn't any corresponding results in fuzzy case. On the other hand, few results are known on the behavior of the fuzzy prime submodules with the formation of fuzzy localizations. In this paper the concept of fuzzy primeness with respect to an arbitrary function ϕ (ϕ -primeness) will be defined and some of its properties studied. It will be proved that fuzzy ϕ -primeness of a fuzzy submodule µ of M, together with additional assumptions on µ, gives that µ is actually a fuzzy prime submodule of M (Theorem 3.6). Concerning the fuzzy primeness in product module, in Proposition 3.12, we show that for two modules M 1 and M 2 over commutative rings R 1 and R 2 respectively, any R = R 1 ×R 2 -fuzzy prime submodule µ of M = M 1 ×M 2 is either of the form π 1 ×1 M 2 for some fuzzy prime submodule π 1 of M 1 or of the form 1 M 1 × π 2 for some fuzzy prime submodule π 2 of M 2 . A fact that, in the fuzzy ϕ -prime case we are able to prove only some partial results. Parts of the paper (section 4) concerns fuzzy localization formation, from which, among other things, we prove that for a multiplicatively closed subset S of R and a fuzzy submodule µ of M, if µ is fuzzy prime and (µ : 1 M ) * ∩ S = / 0, then S −1 µ is a fuzzy prime submodule of S −1 M. The converse is true if µ has the sup property (Theorem 4.3). In the last section, we briefly examine fuzzy ϕ -primeness in fuzzy quotient modules.
preliminaries
For a commutative ring A and for a typical A-module X, the zero elements of A and X will be denoted by 0 and θ respectively. If N, L are two submodules of the R-module M, (N : R L) = {r ∈ R|rL ⊆ N} is the residual of N by L, which is an ideal of R. To ease access, we recall some definition, notation and known results which are needed for the development of the paper. We collect all of them within the frame of the following definition. For any unexplained notation, we refer to the textbook [4] . 
For convenience, it is assumed assume that ζ (0) = 1 and so
is an ideal of R. We denote the set of all fuzzy ideals of R by FI(R). (2) A fuzzy subset λ of a unitary R-module X is called a fuzzy submodule of X if λ
The set of all fuzzy submodules of X will be denoted by FS(X) and for λ ∈ FS(X), we put λ * = {x ∈ X|λ (x) = 1}. 
for all x ∈ M. In particular for t, s ∈ I, r ∈ R and x ∈ M
and t r · s x = (t ∧ s) rx . We note that whenever ζ , ξ ∈ FI(R) and
The fuzzy residual of λ by η, denoted by (λ : η), is defined by
By [4, Theorem 4.5.6] 
for all y ∈ Y , and
fuzzy ϕ -primeness
We begin with the following notations and definitions. Let S (M) be the set of all submodules of M and let ϕ :
0} be a function. Following [6] , a proper submodule P of M is said to be a ϕ -prime submodule if for all r ∈ R, x ∈ M, rx ∈ P \ ϕ (P), imply that r ∈ (P : R M) or x ∈ P. Since P \ ϕ (P) = P \ (P ∩ ϕ (P)), without loss of generality, we may assume that ϕ (P) ⊆ P. In the case that ϕ (N) = / 0 for all N ∈ S (M), a ϕ -prime submodule is actually a prime submodule. In the case that ϕ (N) = 0 (resp. ϕ (N) = (N : R M)N) for each N ∈ S (M), ϕ -prime submodule is known as a weak (resp. an almost) prime submodule (see [6] ). The mentioned definition leads us to construct the following definition in the fuzzy case. 
, without loss of generality, throughout the paper, we will assume that ϕ (µ) ⊆ µ. (1) µ * is a prime submodule of M. The following Lemma appears in [7] . We present its short proof for the convenience.
Proof. Let r ∈ (ν : λ ) * . Then 1 r · λ ⊆ ν. Now, we show that rλ * ⊆ ν * . Suppose the contrary, there exists θ ̸ = x ∈ λ * such that rx / ∈ ν * . Then ν(rx) < 1 and so (1 r · λ )(rx) < 1. But
a contradiction. The second claim is now clear.
We can now construct the fuzzy version of theorem 3.4 as follows:
µ * is a ϕ * -prime submodule of M.
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Then µ is a fuzzy prime submodule of M.
Proof. First we show that µ * is a prime submodule of M. To do so, we note that by our assumption 1 (µ:
Hence, by Theorem 3.4, µ * must be a prime submodule of M.
So let t r ·s x ∈ ϕ (µ). In this case, first, we may assume that t r ·s µ * ⊆ ϕ (µ). Otherwise ∃y ∈ µ * such that t ∧s > ϕ (µ)(ry), which by the choice of y gives that t r · s x+y ∈ µ and t r · s x+y / ∈ ϕ (µ). Therefore, µ is ϕ -prime, gives that t r ∈ (µ :
We conclude that t r+a · s x ∈ µ and t r+a · s s / ∈ ϕ (µ) by the choice of a. Since µ is a fuzzy ϕ -prime submodule, we again get
or s x ∈ µ and the proof is complete.
In the rest of the paper we will deal with the following function ϕ (·) :
. Thus clearly fuzzy ϕ ( / 0) -prime submodules are just fuzzy prime submodules, and for each i ∈ N, fuzzy ϕ (i+1) -primeness gives fuzzy ϕ (i) -primeness.
Proof. In the previous theorem we put ϕ = ϕ (θ ) .
Then µ is a fuzzy ϕ t,s,ω -prime submodule of M for some t, s ∈ I 0 .
Proof. In the case that µ is a fuzzy prime submodule of M the result is clear. So assume that µ is not a fuzzy prime submodule of M. Then by Theorem 3.6, we get t (µ:1 M ) * · s µ * ⊆ ϕ (µ) for some t, s ∈ I 0 . Hence, by our assumption we have 
We were able to give only partial answers to the Question 1 as the following shows.
Next, we will examine the behavior of fuzzy ϕ -primeness in product modules. Let R 1 and R 2 be two commutative rings with identity. Let M 1 and M 2 be R 1 and R 2 -module respectively. Then
It is easy to see that each submodule of M is of the form N 1 × N 2 for some submodules N 1 of M 1 and N 2 of M 2 . Also, as it has been seen in [6] , N 1 × N 2 is a prime submodule of M if and only if N 1 is a prime submodule of M 1 and
Then it is easy to see that
That is each fuzzy submodule µ of M is of the form µ = µ 1 × µ 2 for some fuzzy submodule µ 1 of M 1 and µ 2 of M 2 .
In particular, each fuzzy ideal ζ of R 1 × R 2 is of the form ζ = ζ 1 × ζ 2 for some ζ 1 ∈ FI(R 1 ) and ζ 2 ∈ FI(R 2 ).
To continue this section we need the following lemmas.
In particular
Proof. It is easy.
Proof. Let (r 1 , r 2 ) ∈ R 1 × R 2 . Then using the statement of the paragraph just before Lemma 3.10, we have
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This gives that r 1 x 1 ∈ (π 1 ) * and, using Theorem 3.3, we have
This gives that t a 1 · s x 1 ∈ π 1 and, using Theorem 3.3 for π 1 , we get t a 1 ∈ (π 1 : 
. Then, by our assumption and Lemma 3.10, we have (
That is π 1 × 1 M 2 is a fuzzy ϕ -prime submodule of M 1 × M 2 . Similar argument holds true for the second component.
The following is a kind of generalization of the above observation in the case that ϕ : 
be a function and let ϕ : FS(M) → FS(M) ∪ {0
(ii) Since π 1 is a fuzzy prime submodule of M 1 , by Proposition 3.12, π 1 × 1 M 2 as a fuzzy prime submodule is a fuzzy ϕ -prime submodule.
(iii) Assume that π 1 is a fuzzy ψ 1 -prime submodule of M 1 and
Using Lemma 3.10, this gives that
) and the fuzzy ψ 1 -primness of π 1 gives that ξ 1 ⊆ (π 1 :
Thus, π 1 × 1 M 2 must be a fuzzy ϕ -prime submodule of M.
fuzzy primeness and fuzzy localization
In this section we are interested in studying the behavior of the concept of fuzzy primeness with fuzzy localization. Let S be a multiplicatively closed subset of R. Then, by [5, 9.11(v) 
for y ∈ M and s ∈ S. Then, S −1 µ is a fuzzy submodule of the R-module S −1 M. It is easy to see that
for all x ∈ M and s, u ∈ S. Consequently for all r ∈ R
and so S −1 µ is an S −1 R-fuzzy submodule of S −1 M. Moreover, by [7] , the fuzzy submodules of S −1 M are extended, i.e., for each fuzzy S −1 R-submodule Γ of S −1 M, there exists a fuzzy R-submodule µ of M such that Γ = S −1 µ. In particular each fuzzy ideal of S −1 R is extended. 
Conversely, assume that µ is fuzzy prime and (π : 1 M ) * ∩ S = / 0. Let s ∈ S be arbitrary. Then s / ∈ (µ : 1 M ) * and so 1 s / ∈ (µ : 1 M ). This gives that 1 sM µ and hence there exists
Otherwise we deduce that 1 w · t x(s) ∈ µ, which by the fuzzy primness of µ and the condition (π :
(since, by [4, Theorem 4.6.3], µ has the sup property),
Therefore S −1 µ ̸ = 1 S −1 M and the proof is complete.
Lemma 4.1. Let S be a multiplicatively closed subset of R and µ ∈ FS(M). If µ has the sup property, then
Proof. For (1) and (2) 
This means that corresponding each l ∈ I, s, s ′ ∈ S, a ∈ R with ss ′r = s ′ā and
(note that (ss ′ + e)e ′ + ww ′ ey ∈ O(S)).
( by Lemma 4.2(4)),
= S −1 (ζ · η)(ry/1).
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Second, if S −1 η(y/1) ≤ S −1 ζ (r/1), similar argument shows that
The proof now is complete.
By Lemma 4.2(4), this gives that 
For µ ∈ FS(M), we define the fuzzy set µ(S) given by µ(S)(x) = ∨ s∈S µ(sx) for all x ∈ M. Then it is easy to see that µ(S) ∈ FS(M) and that µ ⊆ µ(S). 
Since µ has the sup property, there exists s ∈ S such that µ(sx) ≥ t. Now let w ′ ∈ ζ * ∩ µ. Then
Thus t x ∈ (ζ · µ)(S) as required.
(2) It suffices to prove that
(where u e ∈ S is such that u e e = θ ),
(by the sup property of µ),
Assume that S is a multiplicatively closed subset of R and that ϕ : 
5 fuzzy ϕ -primeness in fuzzy quotient modules
In this section we want to examine the behavior of fuzzy ϕ -primeness in fuzzy quotients. To this end, we need the following notation. For µ ∈ FS(M), the set M/µ = {1 x + µ|x ∈ M} with addition and scaler multiplication defined by
(1 x + µ) + (1 y + µ) = 1 x+y + µ, and r(1 x + µ) = 1 rx + µ, for all x, y ∈ M, r ∈ R has an R-module structure. The map h : M → M/µ given by h(x) = 1 x + µ is an R-module epimorphism with kerh = µ * . Furthermore there is a one-to-one correspondence between the set of all fuzzy submodules ν of M which are constant on µ * and the set of all fuzzy submodules of M/µ given by ν → h(ν), where for each x ∈ M, h(ν) ( 
Moreover if ϕ (ν) is constant on µ * , then
Then, using ( †), ( ‡) we have ξ · η ⊆ ν \ ϕ (ν) and by the fuzzy ϕ -primness of ν, we deduce that ξ ⊆ (ν : 1 M ) or η ⊆ ν. Thus ξ ⊆ (h(ν) : 1 M/µ ) by (♯) or h(η) ⊆ h(ν) by ( †), and h(ν) must be a fuzzy ϕ µ -prime submodule of M/µ. Furthermore, assume that ϕ (ν) is constant on µ * . Let h(ν) is a fuzzy ϕ µ -prime submodule of M/µ. Using ( †), (♯), it is easy to see that ν is a fuzzy ϕ -prime submodule of M.
conclusion
In this paper we defined the concept of fuzzy ϕ -prime submodule as a generalization of all kind of fuzzy prime submodules. Among other results we found that, under some conditions, fuzzy ϕ -primness gives the fuzzy primeness. The behavior of the product module with this new concept was examind. Several results on fuzzy ϕ -primeness in fuzzy localization formation have been proven. It seems that the proofs is more defficut that semilar results in crisp case. Finally it has been concluded that how fuzzy ϕ -primeness bihave with quotient modules.
